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S U M M A R Y  

We have analyzed a combined use of the two-dimensional nuclear Overhauser effect in the laboratory 
frame (NOESY) and in the rotating frame (ROESY) to determine interproton distances and correlation time 
in medium-sized rigid molecules (Davis, 1987). This method can be applied in the intermediate motional re- 
gime, 0.2 < c0oxc < 5, (xc correlation time, too resonance frequency). Error limits depend on the motional re- 
gime and are smallest near tooXc = 1.14. 

The method was tested on six geminal proton pairs-in the bicyclic octapeptide (S-deoxo-)'-[R]-OH-Ile 3 
amaninamide, Mw = 870) for which at 297 K in DMSO, a correlation time of 1.0 ns, with a standard devia- 
tion of 0.12 ns, and an interproton distance of 1.87 A, with standard deviation of 0.04 A, are obtained. 

I N T R O D U C T I O N  

The pr imary aim of this work is to test the limits of  the elucidation of interproton distances and 
correlation times by the quantitative measurement  of  cross-relaxation rates from NOESY 
(Wagner and Wiithrich, 1979; K u m a r  et al., 1980, 1981; Macura  and Ernst, 1980; Ernst et al., 
1987) and ROESY (Bothner-By et al., 1984; Davis and Bax, 1985) spectra. This method has been 

proposed and applied to peptides using 1D difference spectroscopy (Davis, 1987). Due to fluctua- 

* To whom correspondence should be addressed at the Mayo Foundation. 
Abbreviations: NOESY, nuclear Overhauser enhancement spectroscopy; ROESY, rotating frame Overhauser spectro- 
scopy. 
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tions of experimentally obtained cross-relaxation rates, this method applies only in favorable ca- 
ses. Here, we propose to use the 2D method and statistically average correlation times over many 
spin pairs. Such improvement provides correlation time and interproton distances for all spin 
pairs. 

We have applied the method to S-deoxo-7-[R]-OH-Ile 3 amaninamide, whose structure in the 
solid state has been recently solved (Zanotti et al., 1989) by diffractometric studies. All N M R  ex- 
perimental data obtained in solution point to a compact structure of the bicyclic framework with 
very little internal flexibility (Zanotti et al., 1986, 1988, 1990). 

Cross-relaxation rates between two spins, experimentally measured in the laboratory, a n, and in 
the rotating frame, o r, depend on the interspin distance, r, and the correlation time, T¢, that mod- 
ulates dipole-dipole interaction (Solomon, 1955): 

cr n,~ = fn'r(T¢) r~, 6 (1) 

Two functions, fn(x¢) and fr(z¢), depend on the type of molecular motion, and are well known for 
a rigid body with isotropic motion (Davis, 1987; Farmer et al., 1988). 

For C0oT~ > x/~/2, cr n is negative; at C0oX~= .x~/2 ~ 1.14, the cross-relaxation disappears, i.e., c n 

is zero. For COoXc< 1.14, cr n is positive and shows a distinct maximum at 0~oX¢=x/x//~/4 - I 
0.382. Cross-relaxation in the rotating frame, o r, monotonously increases with correlation time. 

For cooz¢ < 0.382, both cross-relaxation rates, o n and c r, have similar dependence on correlation 
time, and in the limit, when c0oZc~0, on/o r'* 1. A distinct behavior of  the two cross-relaxation 
rates at 0~oX¢ > 0.382 in the two frames is vital to determine correlation times. 

From cross-relaxation rate measurements, interproton distances, r n and rr, can be calculated 
directly from Eq. L, provided a value of f(T¢) is known from other measurements. Davis has pro- 
posed a method that uses cross-relaxation rates in both frames, a n and o r, and enables estimates 
of both r and f(xc) for the observed spin pair (Davis, 1987; Farmer et al., 1988). This method uses 
a ratio of cross-relaxation rates from the two frames, S(zc). Since interproton distances are identi- 
cal (rr = r,), S(x¢) does not depe.nd on the distance: 

o" f"(T0) 
S(~0) = -- - (2) 

o ~ V(z0) . 

In two limiting cases, i.e., spin diffusion COoXc >> 1 and extreme narrowing 0~oTc,~ 1, the ratio takes 
the values -½ and + 1, respectively. In the intermc~liate range, it smoothly depends on correlation 
time and therefore can be used for its estimate (Davis, 1987; Farmer et al., 1988). Thus, from the 
measured cross-relaxation rates, o n and o r, one gets S(T¢) and from it the corresponding correla- 
tion time, Zc. Then, one calculates fn(xc) or if(To) and finally, rr or rn. 

Theoretically, r n is equivalent to r r. It means that o n or o r can be interchangeably used to calcul- 
ate interproton distances if the correlation time is calculated from their ratio. However, if the cor- 
relation time is modified by any means (for example, by statistical averaging) or obtained by other 
methods, then the calculated rn and rr will not be the same. Quantification of these differences is 
essential to establish a practical rule for optimal data evaluation. 
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LIMITATIONS TO SIMULTANEOUS DETERMINATION OF CORRELATION TIME 
AND INTERPROTON DISTANCES 

Taking the derivative of the logarithm of Eq. l, we obtain an expression that relates the relative 
differential change in cross-relaxation rates, da/o ,  with the relative differential changes of the cor- 
relation time, dxc/Xc, and interproton distances, dr/r: 

( ? )  = z¢[ln f(z¢)]' ( dz '~  - 6 ( ~ )  \ z ¢ /  (3) 

[ ]' denotes the first partial derivative with respect to Zc. For dr/r = 0 we get: 

r~ / 

(4) 

e is the relative differential change of the cross-relaxation rate for the unit relative change of cor- 
relation time. It shows how sensitive cross-relaxation rates are to small changes in correlation 
times. The more sensitive cross-relaxation rates are to correlation times, the higher the value of e. 
In two limiting motional regimes (spin diffusion and extreme narrowing), we have e "- l, which 
means that, in this case, uncertainty in the cross-relaxation rate propagates directly into uncer- 
tainty of correlation time. Dependence of e ",r on correlation time in the intermediate regime can 
be readily calculated, replacing respective function fn'r(xc) in.to Eq. 4. Figure 1 shows e n and e r as 
a function of correlation time. 
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Fig. 1. Sensitivity of cross-relaxation rates to correlation times: e"= (da"lo")l(dxJ'%), e'=(da'lagl(d%lzc). Linear time 
scale corresponds to coo/2~ = 400 M Hz. 
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It is important to note the significant difference in sensitivity to correlation time of  the two 
cross-relaxation rates in the intermediate regime. Variability in correlation time propagates into 
the rotating frame cross-relaxation rate directly. However, in the laboratory frame cross-relaxa- 
tion rate, it propagates with amplification. In the intermediate motionai regime, or is more suit- 
ab[e to interproton distance determination than cr n, since it is less prone to correlation time varia- 
bility. 

It is also important to evaluate the variability of estimated Zc with respect to the variability of 
the ratio S. In the complete analogy to derivation of  Eq. 4, from Eq. 2 we obtain: 

(5) 

Since S is 'known' and % is calculated, I/e s is more appropriate to analyze. When en~e  r (i.e. 
0~oTc,~ or >> 1.14, Fig. 1), the variability orS propagates into correlation time with immense am- 
plification. Under this condition, S is not suitable for xc determination. 

This analysis asserts only error limits set up by the variable sensitivity of the method without 
taking into account experimental sources of errors. To rationalize a real situation, experimental 
errors must be included. 
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Fig. 2. Relative error o f  correlation time as a function of  molecular mobility according to Eq. 7. Equal relative errors in 

NOESY and ROESY cross-relaxation rates are assumed:  (dxc/xc)/(do/a)=x/~/leS I. Linear time scale corresponds to 
O~o/2~ = 400 MHz. 
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PROPAGATION OF EXPERIMENTAL ERRORS 

As an input we have cross-relaxation rates, on and or, with estimated standard deviations Ao” 
and Aor. The relative error of the cross-relaxation rate ratio, AS/S, is a function of the relative 
errors of input variables (Bevington, 1969): 

(6) 

We assume that the errors are small enough, i.e., AS z dS, Acr”” cz do”*’ and Ar, z dr,. Combining 
Eqs. 5 and 6, we get an expression for the relative error of the correlation time: 

(7) 

The most important consequence of Eq. 7 is that the relative error of the calculated correlation 
time depends on the actual motional regime, as depicted in Fig. 2. When o,r, > 5 or w,r, < 0.2, pa- 
rameter cs tends to zero, and an adequate correlation time estimate can hardly be obtained. 

Once the correlation time is determined, the interproton distance can be calculatedwith relative 
errors: 

1 
112 +cov. (8) 

where the cov. term takes into account a possible correlation between Ar, and Ao”,‘. For uncor- 
related errors, the cov. term is zero. However, if the same values of on*’ are used to calculate rC and 
rn,r, then Ar, and AC+’ are correlated (more precisely,, they are functionally related according to 
Eq. 7) and the cov. term cancels out the first term in Eq. 8. For each pair of cross-relaxation rates, 
a unique pair of correlation time and interproton distance is defined, and strictly speaking, errors 
cannot be estimated. For practical purposes, the correlation between errors can be neglected and 
the cov. term dropped from Eq. 8. Then the estimated error should be used as the upper limit. 

Replacing the correlation time error from Eq. 7, we finally obtain an expression for the propa- 
gation of cross-relaxation rate errors into errors of distances: 

(9) 

Again, a possible correlation between errors is completely ignored. The dependence of relative 
errors of interproton distances on correlation time is shown in Fig. 3. 

Interproton distance errors are smaller than cross-relaxation rate errors only when 
0.2<w,r,< 5. Outside this range, relative errors of calculated distances sharply increase. The 
theoretical limit Ar/r = (do/o)/6 can be achieved only when C’Ar, z 0, Eq. 8. For rr, this happens 
when w,r, x1,14andforr,,wheno,r,~O.382. 
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Fig. 3. Relative errors of  interproton distances according to Eq. 9. Equal relative errors in NOESY and ROESY cross-re- 
laxation rates are assumed: (dr./r.)/(da/a)=~{2(e"/~s)2+.l} I j2, (drr/rr)/(dg/a)=~{2(er/es)2+ l}l/L Linear time scale cor- 
responds to mo/27t = 400 MHz. 

Equation 7 and Fig. 2 show that a reasonable estimate of the correlation time can be obtained 
only in a very limited motional range around C0oTc ~ 1.14. To apply the method in wider limits, it 
is necessary to have more precise cross-relaxation data. This may not always be feasible. One way 
to handle this problem is to statistically average correlation times obtained for many spin pairs. 
Respective errors can be estimated from Eq. 8, where A% is now acquired from statistical analysis 
of the obtained data set. Ofcoursel this is possible only for structurally rigid molecules. 

It would be the most effective to perform averaging before error propagates, i.e., to average ori- 
ginal input data. In the present situation, it would mean that one should average original cross- 
relaxation rates and use their mean for further calculation. Then, from Eq. 2 we obtain: 

n O'av"  
Say = - -  (lOa) O'ar v. 

We can extend 'averaging' over all spin pairs by summing up all cross-relaxation rates between 
protons that have the same correlation time but no) necessarily the same distances: 

SAW = ZC~ ( 10b) 

This averaging enhances the role of short distances but is properly weighted with respect to total 
magnetization transferred. 
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EXPERIMENTAL 

Experiments were performed on a Bruker AM 400 NMR  spectrometer (0~o/2n = 400 MHz) with 
degassed and sealed 16.1 mM solution of S-deoxo-7-[R]-OH-Ile 3 amaninamide in DMSO-d6 at 
297 K. The NOESY experiments were recorded with mixing times of 50, 100, 200, 300, 400, 500, 
and 800 ms, with a mixing time variation of ___ 10%. The ROESY experiments were performed 
with CW spin lock, B~ =3.57 kHz, with mixing times of 30, 50, 75, 100, 150, and 200 ms. In both 
sets of experiments, 48 scans for each of 256 tl increments were acquired. Upon zero-fill, data were 
doubly Fourier transformed, yielding 1024 x 512 ReRe 2D spectra. 

RESULTS AND DISCUSSION 

For the experimental test of the method, we have chosen to analyze cross-relaxation rates of six 
geminal proton pairs in S-deoxo-y-[R]-OH-Ile 3 amaninamide. The main advantages in using 
geminal protons are the well-known interproton distances, 1.75A, fast cross-relaxation due to 
their proximity, and associated with that, absence of second-order transfer effect in the original 
build-up curve analysis. Disadvantages include the possible influence of coherent magnetization 
transfer and difficult quantification of cross-peaks due to overlap with the diagonal. 

Table 1 shows results obtained for individual geminal spin pairs and structural parameters cal- 
culated from them. Parameters are calculated for each pair separately. Error limits are calculated 
from the statistical analysis of six pairs of independent build-up curves. 

The first four geminal proton pairs listed in Table I have the same values for all parameters 
within the experimental errors. We obtain interproton distances of approximately 1.85 A with the 

TABLE I 
C R O S S - R E L A X A T I O N  D A T A  AT  400 M Hz  F O R  G E M I N A L  PROTOI~IS IN S-DEOXO-y-[R]-OH-ILE 3 A M A N I N -  

A M I D E  

Asn I Hyp 2 Gly 7 Cys g Gly ~ Trp 4 

I~-IY 13-13' a-a' 13-13' a--a' 13-13' 

on(s-I) ~ - 1.0 -0.9 -0.9 - 1.0 -0.6 - 1.3 

Aan/o. b 0.22 0.24 0.24 0.22 0.39 O. 17 

ar(S-~) a +3.2 +2.8 +3.2 +3.0 +3.7 +2.7 

Aor/o rb 0.10 0.12 0.10 0.11 0.09 0.12 

Tc(ns)" 0.97 1.0 0.89 1.0 0.61 3.5 

A'rd't~ a 0.29 0.35 0.26 0.32 0.15 3.0 

rn.,(A) c 1.87 1.91 1.84 1.89 1.73 2.31 

Arn/rn f 0.08 0. I 0 0.09 0.09 0.11 0.50 

Arr/rrr 0.04 0.05 0.04 0.04 0.02 0.48 

Calculated parameters  were obtained for each pair separately. 

a From individual build-up curves. 
b Standard deviation; obtained from data in previous row. 

From explicit form of  S('t~) = on/o r. 

d From Eq. 7. 

c From Eq. I, using cr and zc from above. 

f From Eq. 9. 
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relative error of 10% when o n is used and 5% from a r. These distances match well with the known 
geminal protons distance of  1.75 A. Residues Trp 4 and Gly 5, however, have distinctly different 
properties, although their individual a n and a r relaxation rates are within estimated limits. Inci- 
dentally, their a values are on opposite extremes of the error limits and, consequently, produce ex- 
treme values of  the ratio S and correlation time. 

One possible solution to this problem is to take average values according to Eq. 10 and then to 
calculate the correlation time common for all involved spin pairs. Table 2 shows interproton dis- 
tances generated in this way from the data shown in Table 1. UsingEq.  10 for six pairs shown in 
Table 1, we obtain %= 0.94 ns with A%/%= 0.12. Interproton distances obtained from each a n 
and a r value are within the estimated error range from a n (9%) and a r (4%) around the true value 
of 1.75 A. Even the values obtained for Trp 4 now fall in the much narrower error limits. This 
clearly indicates that the main source of errors is a poor estimate of correlation time. Once the 
correlation time is fixed (with statistical averaging of  the data over all spin pairs with the same mo- 
tional properties), even cross-relaxation rates of modest precision will yield good estimates of  in- 
terproton distances. The requirement for statistical averaging of  the data is exemplified in Fig. 4. 
It shows a (a n, a r) plot of 25 spin pairs in S-deoxo-y-[R]-OH-Ile 3 amaninamide. The molecule is 
a small, bicyclic octapeptide and is not likely to- possess a detectable degree of internal mobility. 
The large spreading of the data along the correlation time axis suggests modest precision of the 
data set rather than actual spread of correlation times. This indicates that any attempt to extract 
motional and structural parameters from the individual (a n, a r) pairs would require the original 
data to have much higher precision. 

Besides random errors, experimental data may contain systematic errors as well. This is most 
'likely due to homonuc lea rHar tmann-Hahn  transfer in the ROESY experiment (Bax, 1989; 
Brown and Farmer, 1989). Har tmann-Hahn transfer tends to reduce a r values calculated for 
coupled spin pairs since the effect is of the opposite sign with respect to cross-relaxation. Underes- 
timation of a r increases both correlation time and interproton distance. In the data presented 
here, the overestimation ofgeminal proton distances, 1.87/~ vs. 1.75/~, could be attributed to this 

TABLE 2 

INTERPROTON DISTANCES FOR G E MIN A L  PROTONS BASED ON A SINGLE AVERAGED VALUE OF 

CROSS-RELAXATION RATES* 

r.(A) 
Ar,/r. 
r,(A) 
Ar,/r, 

Asn I Hyp-' Gly 7 Cys ~ Gly s Trp 4 

P-13' 13-P' a-a' I~-IY a--a' 13-1Y 
2 

1.85 1.88 1.88 1.85 2.03 1,77 

0.09 0.09 0.09 0.09 0.09 0.09 

1.86 1.90 1.86" 1.87 1,81 1.91 

0.04 0.04 0.04 0.04 0.04 0,04 

* a " =  - 0 .943  s -=, Aa"la"=O.lO; (~r= +3.11 S -~, Aor/ar  = 0.05. 

From these values other parameters were calculated as described in Table 1: 

S =  -0.303,  AS/S =0.1 I; ~"= 1.66; 

"t:c = 0.94 ns, Axdxc = 0.12; fr(0.94 ns) = 130.8 A 6 s -  ~; 

E~=0.98; I;r=0.68. 

f"(0.94 ns) = - 39.6 A 6 s-  I; 
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Fig. 4. Cumulative ((~n.o'r) plot as a function of interproton distances and correlation times. Full line: contour plot of 
a" = f"(xc)'r-6; dotted line the same for a r. Numbers indicate cross-relaxation rates (positive: a r, negative: a") in s-t. Exper- 
imental points for 25 spin pairs in S-deoxo-y-[R]-OH-lle ~ amaninamide at Oo/2n =400 MHz are placed in diagram accord- 
ing to their a, n and a~ r values. Their orthogonal projection on the axis gives individual r, and x, values. Use of the average 
correlation time is equivalent to projecting a point along the a? .~ contour to xc = <re> and then orthogonal to r~. Points at 
xc > 3 are associated with coarse errors. These points would return erroneous distance and correlation times if used individ- 
ually. Used with common, average correlation times, these points can produce meaningful distances with reasonable er- 
rors. For example, point at xc = 3.5 ns (Trp 4 ~-IB') by itself yields rr., = 2 "~ + 0.5 A (Table I) but with an average correlation 
time, <x~> = 0.94 _+_ 0. Ins, the same cross-relaxation rates give rn = 1.8 _+ 0.2 A and rr = 1.9 _+ 0. I A. 

effect. Sys temat ic  e r ro r  is still wi thin the marg in  o f  s ta t is t ical  e r rors  as can  be seen f rom Fig. 4 

where  po in ts  f rom spin pai rs  no t  inf luenced by H a r t m a n n - H a h n  t ransfer  c anno t  be d is t inguished  

f rom those  which are. In more  precise da t a  sets, this source  o f  sys temat ic  e r ro r  can be e l imina ted  

by use o f  pulse sequences  des igned for e l imina t ion  o f  the H a r t m a n n - H a h n  effect ( C a v a n a g h  and  

Keeler ,  1988; H w a n g  and  Shaka ,  1992). 

In  conc lus ion ,  we have shown tha t  in r igid,  med ium-s ized  molecules ,  i n t e r p r o t o n  dis tances  and  

co r re l a t ion  t imes can  be ob t a ined  by c o m p a r a t i v e  analysis  o f  c ross - re laxa t ion  rates in the two 

f rames only  in a very res t r ic ted range  o f  in t e rmed ia te  mo t iona l  regime and tha t  for  rel iable  esti- 

mates  o f  the dis tances ,  s ta t is t ical  averag ing  o f  the input  c ross - re laxa t ion  rates  is required .  By sta-  

t ist ical  averag ing ,  even c ross - re laxa t ion  rates  o f  modes t  precis ion can p roduc e  a cons is ten t  set o f  

i n t e r p r o t o n  dis tances .  

The  d i s advan t ages  o f  this m e t h o d  are  that  it assumes  a mode l  o f  r igid b o d y  i so t ropic  m o t i o n  

and tha t  it is app l i cab le  only  for  a n a r r o w  range o f  co r re la t ion  t imes. The  ma in  a d v a n t a g e  is tha t  

it p roduces  a set o f i n t e r p r o t o n  d is tances  wi thou t  ca l ib ra t ion ,  i.e., w i thou t  p r io r  knowledge  o f  any  

o f  the dis tances .  
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